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Webster’s delay model was published for the first time almost 60 years ago (exactly in 1958). Next year will be a
round anniversary. It became an occasion to verify the model. The method described in the paper discusses thesis of
general shifted distribution of service times. Proposes delay model allows to use variance of service time as one of the

parameters of a traffic flow at signalized intersection.
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1. INTRODUCTION

At a constant growth rate of a number of
vehicles entering the city, an effect of a strong
congestion is observed still more frequently. Such
a situation is typical for a morning and afternoon
rush hours but in the strict city centre area the
congestion may sustain for more than ten hours
during a day. The congestion effect means among
others time delays extensive. (e. g. [22]).
Congestion has a significant impact on the
environment. In addition to the increase in time
losses, noise and emissions of harmful substances
to the environment are increased [18]. Correct
estimation of time delays in transport network can
support decision making to improve transport
system and transport management [4], [5], [16].
These activities are important to proper economy
development [19].

A traffic signal usage belongs to the methods of
traffic control at intersections. It considerably
facilitates decreasing a number of collision points.
First of all traffic signal effectiveness depends on a
proper selection of an individual signal length.
Time delays are the factors on the basis of which it
is possible to measure the effectiveness of traffic
signals and traffic state at intersections. The level
of service (LOS) is estimated on the basis of time
delays in most of current capacity methods (for
example HCM2010, Polish method (2004) ) [6],
[10], [11], [17], [24], [25].

There were many delay models in history (more
e. g [2], [3], [7], [8], [9] [12], [13], [30]).
Webster’s model was the first model widely
applied to estimate an average time delay at
signalized intersection. Afterwards the model and
algorithm of a cycle length optimization were
being used many times in capacity methods (for
example Swedish method, Canadian method and
British method).

In the paper one kind of traffic flow models was
used. They give a wide range of possibilities for
testing complex road traffic states and processes.
They also aim at a proper representation of a
transport system dynamics. Queuing theory is
characterized by a wide range of applications.
Queuing models are used in many aspects of life,
such: traffic flow, scheduling, facility design and
employee  management [14], [20], [30].
Implementation of a queuing theory for description
of a signalized intersection simplifies creating a
mathematical model of a real system. The paper
presents a proposed delay model.

Symbols used in this paper are shown in
Table 1.
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Table 1. Symbols definitions.

t,— average service time for a usual model [s]

A —minimal time distance between vehicles [s]
A' — arrival rate for a compressed model [veh/s]
A — arrival rate [veh/s]

p — flow ratio [-]

o? — variance of service time [s]

L — average number of the vehicles in the system [veh]
Z — average number of the vehicles in the queue [veh]

W — average waiting time in the system [s/veh]

W, —average waiting time in the queue [s/veh]

u — service rate [veh/s]

d — average delay per vehicle (Webster’s delay model)
[s]

d,, — average delay per vehicle (proposed delay model)

[s]
T, — length of cycle [s]

G, — effective green signal duration [s]

5”2 — variance of service time [s]

2. WEBSTER’S MODEL

Webster’s delay model was based on four
general assumptions, however the most significant
were these two:

e the model estimates delays at fixed time
signals;
o vehicles arrive at an intersection at random.

Webster’s formula to estimate average delay
per vehicle consists of three parts. A deterministic
Clayton’s model is the first element and average
waiting time in a queue for queuing system M/D/1
is the second one. A modification estimated on the
basis of simulation is the last part. Graphic
interpretations of Webster’s formula are shown in
Figure 1.

The formula is presented in the following form
[27], [28]:
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Fig. 1. Webster’s model - graphic interpretation.
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A. Deterministic part

The first part of the Webster’s formula belongs
to Clayton and makes it possible to estimate time
delay for uniform state of traffic flow. The
deterministic model (firstly described by Clayton)
is estimated according to several assumptions:

e uniform arrivals at the arrival rate during the
cycle;
e uniform departures at the saturation flow rate.

The maximal value of a queue length is given at
the beginning of a green phase (figure 2). Vehicles
do not wait until a queue clears out.

The formula describing an average waiting time
in the deterministic model is the following:
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B. Random part

The second part of the Webster’s formula (eq.
1) additionally includes a stochastic nature of
arrivals. It is a random delay. Webster took
assumption about Poisson distribution of arrivals to
inlet. He used average waiting time in a queue
from M/D/1 queuing model to estimate that delay
time (eq. 3).
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e the average waiting time from M+A/G+A/1
queuing model with the usage of compressed
queuing processes theory (described by Woch,

(3) [29]).
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Fig. 2. Clayton’s model.

3. PROPOSAL OF MODIFICATION

Constant service time was one of the Webster’s
simplifications, while in fact service times of
succeeding vehicles are not identical. Therefore,
there is a necessity to take this variance into
consideration. The variance of service times is
taken into account by average waiting time in a
queue for queuing original system M.,/G.a/1 used
with compressed queuing processes as a part of the
proposed time delay model.

Proposed model, like most of delay models,
contains of two elements: a constant part and a
random part. The model includes:

e the deterministic model

Clayton);

(described by

A M.4/G. /1 model

A service time at signalized intersection has
different distributions. It means that one
distribution of a service time in model cannot be
accepted. That is why the paper proposed another
approach. M. 4/G;a/1 queuing system has a single
server (only one service channel). The interarrival
times have the exponential shifted distribution. G,
means a general shifted distribution of the service
times. An average service time (ts) and a variance
of the service time (c%) are used to describe service
in this system. Compressed queuing processes are
based on two assumptions [29]:

e average service time for a compressed model
ts’ equals:
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e reverse of arrival rate for a usual model 1/A
equals:

l =i + A ; it means that A'=
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Graphic interpretation of compressed process
has been shown in figure 3.
number

of vehicles
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By using this formula (6) and Little’s equations
(7), average waiting time in a queue at intersection
inlet can be obtained.
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Fig. 3. Examples of original and compressed queuing processes (Woch, [29]).

In case of described waiting time in general
M/G/1 model, the imbedded Markov chain can be
used [14], [21]. In this assumption a behaviour of a
system is observed in the discrete moments, when
the successive number of vehicles leaves the
system.

Pollaczek-Khintchin formula can be obtained in
a following way (an average number of the
vehicles in a system):
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A required equation takes now the following
form:
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Now, by using compressed queuing processes
assumptions (4) and (5), the final formula
describing average waiting time in a queue for
original M;/G+,/1 can be estimated [23]:
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B. Modified delay model

The proposed time delay model is a sum of an
average waiting time from the historical Clayton’s
model (2) and an average waiting time from the
M. »/G.A/1 queuing model which uses the theory of
compressed queuing processes (9). This approach
allows to assume general shifted distribution of
service time at intersection, which is more realistic
to uniform service time. The last one is possible in
case of straight direction of traffic flow.

A proposed delay model takes the following
form [23]:

= + (I-u-A)
2_(1_Ge.pJ 2:(1-p)
(10)

The variance of service times is a measure of
dispersion in a process of vehicle service. Time
delay was estimated for three different values of
variance of service times: ,° = 0, in case of
constant service times; 6,° = 4 and o,” = 10 for
empiric cases. It is shown in figure 4. This relation
shows strongly dependence on time delay on
variance of service times, which help to estimate
time delay more accurately.

The relationship between time delay and values
of green splits is shown in figure 5.

Minimal time distance between vehicles is a
second new value involved in the proposed model.
The relationship between time delay and flow
intensity for three different values of minimal time
distance between vehicles is shown in figure 6.
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Fig. 4. The time delay for exemplary values of variance
of service times 6,”.
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C. Verification

Both the proposed model and Webster’s one
have been verified. Two methods of a survey have
been applied for this purpose. The first method
(field test) covers measurements carried out at
signalized intersections in Katowice (Poland).
During these researches video technique was used
in order to record all stages of vehicle transition -
from entering to leaving an intersection. The
second method covers simulations in VISSIM
(Fig. 7) (user can put various intensity of arrivals
in this simulation program). [26]
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Fig. 7. Visualization of selected VISSIM’s simulations
of intersections in Katowice (Poland).

The verification has proved that:

e in case of independent movements with a
small green split (green signal below 25
percent of length of cycle), time delay
estimated on the basis of proposed model is
almost equal with value from simulation
(relative error below 10 percent);

¢ in case of independent movements with a big
green split (green signal above 50 percent of
length of cycle), relative error is high however
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it is still below 12 percent (the difference is
maximum 1.5 second);

e in case of collision with pedestrians and two
relations on a single line relative error is
below 10 percent - only to 0.6 flow ratio;

e correlation coefficient in all cases is high and
above 0.96.

o Estimated delay from proposed model has
been also compared with values from
Webster’s model and Polish method [25]. The
analysis of results shows that:

e in case of real measurements at signalized
intersections maximal relative error has been
observed in Webster’s model (34 percent);

e average relative error was the lowest in
proposed model — 2.4 percent (average
relative error in Polish method — 3.7 percent,
average relative error in Webster’s model —
5.1 percent);

e time delay calculated in proposed model gives
better estimation than Webster’s model (in all
cases relative error was lower than in
Webster’s model);

e proposed delay model gives better estimation
of time delay than Polish method, but only to
flow ratio 0.1-0.9 range (queuing models have
no usage above this range).

4. CONCLUSIONS

The realized measurements of time delays and
simulations of traffic flow of selected intersections
in Katowice (Poland) proved that Webster’s
model, which is 60 years old, still gives good
estimation of time delays. That is why in some
countries this formula is still in use for isolated
intersection.

Webster’s model and the proposed in the paper
delay model are steady-state models. It means that
they give results in case of volume smaller than the
saturation flow. Nevertheless, both models could
be used to estimate delay time at signalized
intersection with a small traffic flow. What is
more, the proposed model of using general shifted
distribution of service time gives better estimation
than Webster’s model.

REFERENCES

[1] Akgelik R.: Glossary of road traffic analysis terms.
Akgelik & Associates Pty Ltd, August 2002.

[2] Allsop R. E.: Delay at a fixed time traffic signal —
I: Theoretical analysis. Transportation Science, 6,
3, 260-285, London 1972.



LOGISTICS

Webster’s Delay Formula Revision...

[3] Canadian Capacity Guide for Signalized
Intersections. Institute of  Transportation
Engineers, District 7 — Canada. Third Edition,
December 2006.

[4] Celinski I, Sierpinski G.: A dynamic management
of a public transportation fleet. LogForum 2013, 9
(3), pp. 135-143.

[5] Celinski I., Sierpinski G.: Real time model for
public transportation management. LogForum
2014, 10 (1), pp. 31-41.

[6] Celinski 1., Sierpinski G.: Traffic Signal Control
System with Extended Logic in the Context of the
Modal Split. IERI Procedia, Vol. 4, Elsevier 2013.,
pp. 148 - 154. ScienceDirect
http://dx.doi.org/10.1016/j.ieri.2013.11.022

[7] Dion F., Rakha H., Kang Y. S.: Comparison of
delay estimates at under-saturated and over-
saturated pre-timed signalized intersections.
Transportation Research Part B Vol 38, pp. 99-122
Elsevier Science Ltd 2004.

[8] Gartner N., Messer C. J., Rathi A. K.: Traffic Flow
Theory A State-of-the-Art Report. Transportation
Research Board, Washington 2001. (Revised
version of Special Report: Traffic Flow Theory,
Washington 1975).

[91 Handbuch fiir die
Stralenverkehrsanlagen (HBS 2001).
Forschungsgesellschaft fiir Straflen und
Verkehrswesen, Koln, Januar 2002.

[10] HCM2000, Highway Capacity Manual.
Transportation Research Board, National Research
Council, Washington, D.C. 2000.

[11] HCM2010, Highway Capacity Manual,
Transportation Research Board of the National

Bemessung von

Academies 2010.
[12] Hutchinson T. P.: Delay at a fixed time traffic
signal — II: Numerical comparisons of some

theoretical expressions. Transportation Science, 6,
3, 286-305, London 1972.

[13] Kang Y. S.: Delay stop and queue estimation for
uniform and random traffic arrivals at fixed-time
signalized intersections. Blacksburg, Virginia,
April 2000.

[14] Kleinrock L.: Queueing systems. Volume I:
Theory. A Wiley-Interscience Publication. Canada
1975.

[15] Kuwahara M., Horiguchi R., Yoshii T.: Standard
verification process for traffic flow simulation
model. Version 2, Traffic Simulation Committee,
Japan Society of Traffic Engineers, 2002.

[16] Liberadzki B., Mindur L.: Uwarunkowania
rozwoju systemu transportowego Polski. ITE-PIB,
Radom, Warszawa—Radom 2007.

[17] Luttinen R. T., Nevala R.: Capacity and level of
service of Finnish signalized intersections. Finnish
Road Administration. Finnra Reports 25/2002.

[18] Mindur L. (Ed.): Technologie transportowe. ITE-
PIB, Radom 2014.

[19] Mindur M.: Wzajemne zwiazki i zaleznosci
miedzy rozwojem gospodarki a transportem, ITE-
PIB, Warszawa 2004.

[20] Pypno Cz., Sierpinski G.: Automated large
capacity  multi-story  garage—Concept  and
modeling of client service processes. Automation
in Construction 81C (2017) pp. 422-433, Elsevier
2017.

[21] Rajski J., Tyszer J.: Modelowanie i symulacja
cyfrowa. Wydawnictwo Politechniki Poznanskiej,
Poznan 1986.

[22] Sierpinski G.: Model of Incentives for Changes of
the Modal Split of Traffic Towards Electric
Personal Cars. In: J. Mikulski (Ed.): Transport
Systems Telematics 2014. Telematics - Support for
Transport, CCIS, vol. 471, pp. 450-460. Springer,
Heidelberg 2014

[23] Sierpinski G.: Verification of Webster’s delay
model on signalized intersections with queueing
theory analytical models usage. Dissertation.
Institute of Civil Engineering. Wroclaw University
of Technology. Report PRE no. 16/2006, Wroctaw
2007.

[24] Signalized intersections: International guide. U. S.
Departament of Transportation, Federal Highway
Administration, Publication No. FHWA-HRT-04-
091, August 2004.

[25] The method of capacity estimation for signalized
intersection. GDDKiA, Warszawa 2004 (in
Polish).

[26] VISSIM, http://vision-traffic.ptvgroup.com/en-
us/products/ptv-vissim/

[27] Webster F. V., Cobbe B. M.: Traffic signals. Road
Research Paper No. 56, Her Majesty’s Stationary
Office, London 1966.

[28] Webster F. V.. Traffic signal settings. Road
Research Paper No. 39, Her Majesty’s Stationary
Office, London 1958.

[29] Woch J.: Compresses queueing processes for
single traffic flows. The Archives of Transport,
Polish Academy of Sciences 10, Warsaw 1998.

[30] Zukerman M.: An introduction to queueing theory
and stochastic teletraffic models. The University of
Melbourne 2006.

11



Webster’s Delay Formula Revision... Logistics and Transport N° 3(35)/2017

Date submitted: 2017-08-08
Date accepted for publishing: 2017-09-17

Leszek Mindur

The International University of Logistics and
Transport in Wroclaw, Poland
Imindur@vp.pl

Grzegorz Sierpinski
Silesian University of Technology, Poland
grzegorz.sierpinski@polsl.pl

12



